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Abstract. In this paper, we approach the study of modules of constant Jordan type and 
equal images modules over elementary abelian p-groups E r of rank r > 2 by exploiting 
• a functor from the module category of a generalized Beilinson algebra B(n,r), n < p, to 

\ modEV. 

We define analogs of the above mentioned properties in mod B(n,r) and give a homologi- 
^ | cal characterization of the resulting subcategories via a P r_1 -family of B(n, r)-modules of 

projective dimension one. This enables us to apply general methods from Auslander-Reiten 
l/"") | theory and thereby arrive at results that, in particular, contrast the findings for equal im- 

ages modules of Loewy length two over E 2 [Ej with the case r > 2. Moreover, we give a 
' generalization of the TU-modules defined by Carlson, Friedlander and Suslin in [BJ. 

Introduction 

Addressing representations of finite group schemes over fields of positive characteristic, Carl- 
CN ! son, Friedlander and Pevtsova have introduced in [5] the category of modules of constant 
^ | Jordan type. Their approach involves the theory of 7r-points, i.e. certain embeddings 

■ a : k[T]/(T p ) — > kG along which representations of kG can be restricted to the less compli- 
cated subalgebra /cZ p = k[T]/(T p ). The representations of k[T]/(T p ) are completely under- 
stood in terms of Jordan types, i.e. Jordan block decompositions. Since kG is wild in most 
cases, it is reasonable to study representations with additional properties. A kG-module 
CN ' has constant Jordan type if its Jordan block decomposition does not depend on the chosen 
7r-point. There is the related notion of the constant j-rank property such that a module has 
constant Jordan type iff it has constant j-rank for all j > 1 (cf. [9j p. 11]). 
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Confining investigations to elementary abelian p-groups E r = (Z p ) xr of rank r > 2, a more 
restrictive condition has been formulated in [B] by Carlson, Friedlander and Suslin, where 
M G mod kE r satisfies the so-called equal images property if there exists a /c-space V such 
that a(t).M = V for all 7r-points a. The dual concept is referred to as the equal kernels prop- 
erty. In [6] , the authors are mainly concerned with the case r = 2 and they introduce a family 
of /ci?2-modules, the so-called IV-modules, which satisfy the equal images property and are 
ubiquitous in a sense that every module satisfying the equal images property is a quotient of 
a IF-module [61 4.4]. This relies on the fact that the indecomposable equal images modules of 
Loewy length two over kE 2 are W- modules [HI 4.1]. It has been observed that these modules 
correspond to the preinjective modules over the Kronecker algebra (cf. [Bl 4.2.2]). 

The approach we give in this paper is based on the objective to understand mod n kE r , i.e. 
the full subcategory of fc^-modules with Loewy length bounded by n < p. The generalized 
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Beilinson algebra B(n,r) provides a faithful exact functor $ : mod B(n,r) — > mod n (kE r ). 
We formulate analogs of the constant Jordan type and constant j-rank property as well as 
the equal images and equal kernels property for B(n, r)-modules and define full subcategories 
CJT(ri,r), CTU(n,r), EIP(n, r), EKP(n,r) C mod B(n,r) such that the restrictions of $ 
to EIP(ri,r) and EKP(n,r) reflect isomorphisms and have an essential image consisting of 
standardly graded modules with the equal images property and costandardly graded modules 
with the equal kernels property, respectively. 

An immediate advantage of passing over to B(n,r) is that we are able to give a homolog- 
ical characterization of the categories EIP (n,r) and EKP(n,r) involving a P r ~ 1 -family of 
B(n, r)-modules of projective dimension one which allows us to apply general methods from 
Auslander-Reiten theory. With this tool in hand, we prove: 

Theorem (A). The category EIP(n,r) is the torsion class T of a torsion pair (T, J 7 ) in 
modB(n,r) such that EKP(n,r) C J 7 and T is closed under the Auslander-Reiten translate 
t and contains all preinjective modules. 

Dually, EKP(n,r) is the torsion-free class J 7 ' of a torsion pair (T'jJ 7 ') in mod B(n,r) such 
that EIP(n,r) C T 7 and T' is closed under r" 1 and contains all preprojective modules. 
In particular, there are no non-trivial maps EIP(n, r) — > EKP(n, r). 

We can specialize our results to the case n = 2: The algebra B(2,r) is the path algebra JC r 
of the r-Kronecker and has wild representation type if and only if r > 2. The Auslander- 
Reiten quiver of the wild hereditary algebra B(2,r) consists of a preprojective component, 
a preinjective component and infinitely many (regular) components of type TjA^ [17] . We 
summarize our main results for B(2,r), r > 2, as follows, contrasting the findings for r = 2: 

Theorem (B). Let r > 2, n < p and let V be the Auslander-Reiten quiver of B(2,r). 

(i) Let C be a regular component ofT. Then EIP(2, r) flC and EKP(2, r) DC are non-empty 
disjoint cones. The size of the gap W(C) G No between these cones is an invariant of C. 
(ii) For each n G N, there exists a regular component CofT such that W(C) > n. 
(Hi) IfW(C) = 0, then every object in C has constant Jordan type. 

(iv) If W(C) = 1, then either C C CJT(2,r) or apart from the cones EIP(2,r) D C and 
EKP(2,r) H C, there are no other objects of constant Jordan type in C. 

Our paper is organized as follows: In Section 1, we recall definitions and basic results 
and give a generalization of the jy-modules defined in [6] to arbitrary rank. We intro- 
duce generalized Beilinson algebras and give a homological description of the categories 
CJT(n, r), CR- 7 (n,r), EIP(n,r) and EKP(?7,,r) in Section 2 and point out the special role 
that generalized W^-modules play in EIP(n,r). In the final section, we restrict our investiga- 
tions to modules of Loewy length two and give our more specific results on the r-Kronecker 
together with some examples. 

1. Generalized W^-modules 

Let us first of all introduce the set up and recall the relevant concepts and some basic results 
from [S], [1], [B] and [9]. In doing so, we will present some definitions in a way that is suitable 
for our purposes. 
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Let k be an algebraically closed field of characteristic p > 0. Let E r = (Z p ) xr be an elementary 
abelian p-group of rank r > 2 with generators g±, . . . , g r . Let furthermore R = k[X±, . . . , X r \ 
be the polynomial ring in r variables. Sending Xi to x% := gi — 1 yields an isomorphism 
k[X±, . . . , X r ]/(Xf , . . . , X p ) = kE r between the truncated polynomial ring and the group 
algebra of E r . Consider furthermore the ideal / = (Xi, . . . , X r ) C R generated by all polyno- 
mials of degree one as well as the augmentation ideal J = ia,d(kE r ) = (xi, . . . , x r ) of kE r . We 
let modkE r be the category of finitely generated kE r -modu\es and mod n (kE r ) C modkE r 
be the full subcategory consisting of modules of Loewy length at most n. 

An algebra homomorphism a : k[T]/(T p ) — > kE r is called p-point if the pullback a*(kE r ) is 
a free /c[T]/(T p )-module. Note that this is equivalent to saying that a(t) with t := T + (T p ) 
is an element in r&d(kE r )\ ia,d 2 (kE r ) [HI P- 3]. Given such a p-point a, for M G mod kE r , we 
consider the linear operator a(t)M '■ M — > M, m h- >■ a(t).m. The Jordan canonical form of 
at{t)M entirely determines the isomorphism type of M as a /c[T]/(T p )-module. The sequence 
of sizes of Jordan blocks is referred to as the Jordan type of M corresponding to a and we 
write JType(a,M) = a p [p] + • • • + a\[l], indicating that there are blocks of size [i] for 
1 < i < p. If this Jordan type does not depend on the p-point we choose, we say that M is 
of constant Jordan type JType(M) := JType(a, M). 

We say that M G mod kE r is of constant j-rank for j G N if the rank vka(t) 3 M is independent 
of our choice of p-point. Note that M is of constant Jordan type iff M is of constant j'-rank 
for all j > 1 P p. 11]. We denote the subcategories of mod kE r consisting of such modules 
by CR J (kE r ) and C3T(kE r ). 

A module M G mod kE r is said to satisfy the equal images property if ima(t)A/ = radM 
for all p-points a. A module M G mod kE r is said to satisfy the equal kernels property if 
ker a{t)M = soc M for all p-points a. We denote the corresponding subcategories of mod(kE r ) 
by EIP(kE r ) and EKP (kE r ), respectively. 

In [HI 1.2, 1.7], it is shown that it suffices to check the above properties for all p-points a 
with a(t) = atixi + • • ■ + a r x r for a non-trivial element (ax, . . . , a r ) G A; r \0. 
Note that M satisfies the equal images property if and only if its linear dual M* satisfies 
the equal kernels property. The category EIP(kE r ) is image-closed [H 1.10], and dually 
EKP(kE r ) is closed under taking submodules. We have ElP(kE r ) U EKP(kE r ) C CJT(kE r ) 
1.9] and furthermore ElP(kE r ) D EKP(kE r ) = addfc P 4.4.3], where k is the trivial 
kE r -modu\e and add k the full subcategory of mod kE r whose objects are direct sums of the 
trivial module k. 

We now give a generalization of the 7L p x Z p -modules W n ^ defined by Carlson, Friedlander 
and Suslin in [6] to elementary abelian p-groups of arbitrary rank. The authors show that 
these so-called jy-modules are indecomposable equal images modules which play a promi- 
nent role in the category EIP(fc(Z p x Z p )). Whereas in [6], the modules W n ^ are defined via 
generators and relations, we give an alternative definition that is amenable to generalization 
to higher rank. 

For all n G N, d < min {n,p}, we consider the -R-module 
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By choice of d, the canonical action factors through Rj (Xf, . . . , Xf), so that we can likewise 
study this module and its linear dual wj[ d := {M^\)* over kE r . 

(3) 

The module M3 2 can be depicted as follows 




where the dots represent the canonical basis elements given by the monomials in degree one 

and two and — >, and ~-> denote the action of xi,X2 and X3, respectively. It is easy to 

(2) ( r ) 

see that in case r = 2 we have d = W nt d as defined in [6]. Modules of the form M nd will 

be referred to as M -modules and modules of the form as W -modules, respectively. We 

furthermore set the convention that := Mn,n and := Wn)i in case d > n. 

The module M^' d satisfies the equal kernels property, since for all («i,...,a r ) G k r \0 we 
have 

ker j$>* 4 : M# -+ M« J = I n-1 // n = soc(^). 

Hence W„j satisfies the equal images property. Some H^-modules can be recognized as 
submodules of the group algebra kE r , generalizing [Hi 2.2]. 

Proposition 1.1. There is an isomorphism 

W$] = md r ^ +1 - d (kE r ) 

for d < p. 

Proof. Observe that kE r is isomorphic to the restricted enveloping algebra of an r-dimensional 
abelian Lie algebra with trivial p-map [T8l §5] and is equipped with the structure of a Frobe- 
nius algebra where the projection r : kE r — > k onto the coefficient of x\~ l ■ ■ ■ x v ~ x defines a 
non-degenerate associative symmetric bilinear-form 

(., .) : kE r x kE r — > k, (a, b) := r(ab), 

see [3]. Since there is an isomorphism kE r j ra.d d (kE r ) = M d r dJ the claimed isomorphism of 
fcE^-modules follows from the associativity of (., .) together with the isomorphism 

W$l = (kE r /md d (kE r ))* = (md d (kE r )) L = rad r{p - 1)+l - d (kE r ). 

□ 

Observe furthermore that the algebraic group GL r (k) acts on the r-dimensional vector space 
©i = i kXi and thereby on R and kE r via automorphisms, leaving / and J invariant. Moreover, 
consider the action of GL r (k) on modkE r sending M G mod kE r to its g -twist for 
g G GL r (/c), where is the kE r -module with underlying vector space M and action given 
by x.m := [g~ 1 .x)m. We call a module GL r ( k) -stable if there is an isomorphism M = 
for all g G GL r (k). Since GL r (k) acts on ®[ =1 kXi\0 with one orbit, GL r (/c)-stable modules 
are necessarily of constant Jordan type. 

Proposition 1.2. Let n G N, d < p. The kE r -modules M^ d and W^ d are GL r (k)- stable. 
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Proof. Since dualizing and twisting are compatible, it suffices to prove the first claim: The 
module I n ~ d /I 11 is a subfactor of the GL r (fc)-module R and the map 

if : r- d jr -> r- d /r,m^ g - l .m 

defines an isomorphism M^ d = (M^)^. □ 

In the following, we will make use of the graded structures of the algebras R and kE r and 
their module categories, respectively. 

Graded (Artin) algebras and their modules categories were studied by Gordon and Green 
[TO] . [TT] . An algebra A is Z n -graded for some n G N if A affords a vector space decomposition 
A = © igZ n A, such that AjAj C A i+ j for all i, j G Z n . We denote by \i\ := YTj=i H the value 
of i = (ii, . . . , i n ) G Z™. Graded ideals are defined canonically. A A-module M is Z n -graded 
if M = ieZ „ Mi such that A^Mf C M i+i for all z, j G Z™. 

The categ A has the finitely generated Z n -graded A-modules as objects and the 

sets of morphisms Hom^ (M, N) are the A-linear maps (/? : M — > A with (p(Mi) C Aj for all 
i G Z n . Furthermore, the i-th shift functor [i] : mod^n A — > modgn A is defined on objects 
M G A to be M[i] where M[i]j := Mj_j. Morphisms are left unchanged. 

If M, N G rnodp A afford gradings M = ieZ „ Af 4 and A = igZ „ A i; then Hom A (M, N) 
affords a grading Hohia(M, A) = igZ n HomA(M, iV)j as a module over the Z n -graded alge- 
bra End A (A), where Hom A (M, A); = {<p G Hom A (M, N)\(p(Mj) C A i+i Vj G Z n }. 

Now .R = ©j 6 zri?j is a Z r -graded algebra, where i?j is the fc-span of the polynomial AJ 1 • • • X l r r 
for all % — (ii,... , i r ) G Nq and Ri = else. Hence all non-trivial homogeneous components 
are one-dimensional. 

Since the ideal (Af , . . . , A^) is homogeneous with respect to this grading, kE r inherits the 
Z r -grading from R. Furthermore it is / = 0iez>- Ri and hence M^ d = i n ~ d ji n has both as 
an R- and kE r -modvle a canonical Z r -grading 

where M, is the vector space spanned by x^ ■ ■ ■ x l r r = AJ 1 • • • A* r +J n for all j e NJ with n—d < 

(r) 

\i\ < n — 1, and M, = else. Endowed with this grading, M nd is generated by its components 
Mj with i G Nq, \i\ = n — d. Observe that the Z r -grading induces a Z-grading both on the 
algebra and the graded modules in a canonical fashion via Ri = 0^ j r )\=i^(ji,-,jr) an d 
Mi = e K3 - 1) ... jV)H M (n _ Jr) for alH G Z. 

Theorem 1.3. Forr > 2 andn > d > 1, d < p, we have an isomorphism of Z r -graded rings 

End kEr (M^ d ) = kE r /J d ® fc[i] Si 

\i\=d-l 

where the right-hand side denotes the trivial extension of kE r / J d by a sum of shifts of the 
trivial kE r -bimodule k. In particular, Endfc_E r (M^ r ]) is local and commutative. 

Remark. By computing Horn-spaces, we will moreover show that the Si are uniquely deter- 
mined and that they are all equal to zero iff n = d. 
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Proof. We claim that for n G N, d < min there is a monomorphism 

L-.kE r /J d -+End kEr (M^ d ) 

of Z r -graded /c-algebras. Multiplication by an element of kE r clearly yields an endomorphism 
of M^ d and we obtain a homomorphism kE r — > End^ (M^ d ) of /c-algebras which obviously 

respects the Z7-grading. Since ann k E r (M^ d ) = J d , i is injective. 

We now show that i induces an isomorphism of homogeneous components 

(1) {kEr/3% * End(M«) t 
for i G Z r with |j| <d-2. 

Proof of (Tjp.' Since M^ r j = kE r /J d , the isomorphism in (JXJ is obvious for n = d. We thus 
assume n > d. Let <y2j G End(M^)j and |i| < d — 2. Recall that all non-trivial homogeneous 

(r) 

components of M n d are one-dimensional and the module is generated by its homogeneous 
components Mj = (rf ■ ■ • x ] r r Y with \j\ = n — d. 

For all 1 < t < r, we denote by l t the element in Nq with the t-th entry being equal to 1 
and all others being equal to 0. For all 1 < t, t' < r we denote by —tt + If the operation on 
K, = {k G N(j I |ac| = n — d} given by — It + IU'(ac) = k — It + If if ftt 7^ and —It + If (ft) = ft 
else. Observe that every non-empty subset of K. that is closed under all such operations is 
equal to /C. 

Let us first of all show that <fi = if % has a negative entry i\ for some 1 < I < r. We know 
that yj, certainly vanishes on those Mf, |j| = n — d, with = 0. 

Now assume (pi(M k ) = 0, i.e. ^(a^ 1 • • ■ x kr ) = for some k G Ng, = n — d. Let 
furthermore i G {1, . . . , r} such that k t 7^ 0. For all t' G {1, . . . , r}, we have 

(2) avftCx} 1 • • -x k r r^) = xtnia* ■ •■of). 

By our assumption, we have |i| < d — 2 which implies (fi(x hl • • • x* T ^f) = and hence 
(fi(M k _i t+ i t ,) = 0. Thus {k G /C|y9j(M K ) = 0} is non-empty and closed under operations of 
the form —t t + If and hence equal to /C. We thus obtain (fi(M K ) = for all k G /C and 
hence ^ = 0. 

For i G Nq, |i| < d — 2, we use the fact that non-trivial homogeneous components are one- 
dimensional and obtain ^(a^ 1 • • • x^ r ) = c^ 1 ^ 1 . . . x k . r+%r for all k G NJ, |&| = n — d and 
scalars c/-. Comparing coeffi cents in (|2]) yields that ^ is multiplication by an element of the 
form cx l i ■ ■ ■ x l r r with c G fc. This proves our claim (JT]). 

In case i G NJ, |i| = d — 1, we have an isomorphism of vector spaces 

Vnd kEr (Mi%= Hom fc ((i<]),, (Af$) i+i ) 

|j|=n — d 

and hence dim k 'End k E r .(M^ d ) i / i((kE r / J d )i) = d\m k I n ~ d — 1. The right-hand term is equal 
to zero if and only if n = d. For % G 27\Nq, |i| = d — 1, we have 

End^(MW),- Hom fc ((MS),, 

|j|=n— d 
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with (kE r / J d )i = (0) and the right-hand term being equal to zero iff n = d. Since furthermore 
End(M^)i = for i G Z r , \i\ > d, and maps of degree d— \ vanish when composed with maps 
of degree greater than zero, we obtain the above structure of the endomorphism ring. □ 

Corollary 1.4. Let n G N and 1 < d < p. 

(i) The kE r -module is indecomposable. 

(ii) We have k ^ End fc£r (M^) = Endj^M^), i.e. M^ d is a brick m mod z kE r . 

Jordan types that can be realized via indecomposable modules are of special interest. Count- 
ing polynomials, we obtain: 

Proposition 1.5. For n G N, d < mm {n,p}, we have 

Jiype«2) = f ^^-^dl + l ( r + 1 1 2 ' 1 ) W = JT y pe«<) 
and in particular for n = d < p 

JType(M«) = [«]+£("' m = JTy P e«)). 

i=l ^ ' 

The indecomposability of W- and M-modules of Loewy length greater than one over the 
algebra kE 2 follows directly from [61 4.2], according to which the Jordan type X]f=i a «[^] °f 
a module with the equal images property is such that cij_i ^ whenever 7^ 0, z > 2. 
Taking into account that EIP(/c£' r ) and EKP(/ci? r ) are closed under direct summands and 
JType(W ni d) = (n — d + 1) [d] + X^=i[*L these modules are hence indecomposable if d > 2. 
In case r > 2, this conclusion does not seem to follow from the computation of Jordan types. 

Moreover, for r = 2, the indecomposable equal images modules of Loewy length 2 are just 
the modules W n $ 4.1]. We will show in the following sections that in case r > 2, the 
situation is completely different and there is no hope to parametrize the indecomposable 
equal images modules of Loewy length 2 in the same fashion. It seems that VT-modules are 
thus not "ubiquitous" in EIP (kE r ) if r > 2. 

2. Equal images modules for generalized Beilinson algebras 

In order to understand the subcategories of mod kE r introduced in the previous section, we 
will now consider the category modz kE r of Z-graded modules over the Z-graded algebra 
kE r . When studying objects in modz kE r that have a bounded support, the generalized 
Beilinson algebra B(n,r) comes into play. It turns out that we can define certain analogs 
of our subcategories of mod n kE r as subcategories of mod B(n,r) which exhibit interesting 
properties and behave nicely when it comes to Auslander-Reiten theory. Our main results 
strongly depend on our homological characterization of these subcategories. 

2.1. General approach. We recall from [TU] that there is a faithful exact functor 

$ : modz kE r — > mod kE r 

referred to as the forgetful functor since it "forgets" the grading on objects. 5" preserves 
indecomposability and has the property that the fibre of an indecomposable object in the 
essential image of 5 consists of the shifts M[i], i G Z, of a certain indecomposable object 
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M = ® ieZ Mi G modz kE r [TUJ 4.1]. Note furthermore that $ is not dense. 
If M = ieZ M» G mod z kE T , then supp(M) = {i G Z|Mj ^ 0} is called the support of 
M. An object in the essential image of $ is called gradable. We say that M G mod kE r 
is J -gradable for J C Z if M = 5(©iez f° r some ©igz ^» ^ modz kE r such that 
supp(© 4eZ M l )C J. 

Using the terminology of [12], the positively graded algebra A = kE r is standardly graded, 
i.e. A is a direct product of k, A, is finite dimensional for all i > and AjAj = A i+ j for 
all i,j > 0. We call M = ® ieZ Mj G modzA;.E r standardly graded if M is generated by Mj, 
where i = minsupp(M). Dually, we say that M is costandardly graded if M is cogenerated 
by Mi, where i = maxsupp(M). We refer to their images under $ as standardly gradable and 
costandardly gradable objects, respectively. 

For 2 < n < p, we now consider the full subcategory C[o, n -i] of mod^ kE r containing those 
objects M = ieZ Mi G mod z kE r with supp(M) C [0, n - 1] := {0, . . . , n - 1}. Hence the 
essential image of T?|c [0n _i] consists of the [0, n — l]-gradable objects in mod kE r . Observe 
furthermore that C[o, n -i] is equivalent to mod B(n,r), the module category of a generalized 
Beilinson algebra, where B(n,r) is defined as follows: 

Let E(n,r) be the path algebra of the quiver with n vertices and r arrows between vertices 
% and % + 1 for all < % < n — 1. 



(0) (1) (n-2) 

7i 7i 7i 



n — z : n 



7r |r 7r 



Now let B(n,r) be the factor algebra E(n,r)/I where J is generated by the commutativity 
relations if 7^ -1 ' — tJ^tP' for all z, /c G {1, . . . ,r} ,j G {1, . . . , n — 2}. The equivalence 
between C[o, n -i] and mod B{n, r) is such that M = M © • ■ ■ © M n _i G C[o )Tl -i] is a module for 
B{n, r) where Mj = e^M for the primitive orthogonal idempotents e« G B(n, r) corresponding 
to the vertex %. Hence we use this notation both for objects in C\o, n -i] and modB(n,r). The 

action of Xj on elements in Mj corresponds to the action of 7^- on elements in ejM. 
In the following, we thus regard mod B(n,r) as a full subcategory of modz k E r and we will 
see in the next section that we gain a lot by viewing Cro, n _ii as the module category for a 
bound quiver algebra. A general introduction to representation theory of quivers can be 
found in [2]. 

For all < i < n — 1, we denote by S(i), P(i) and I(i) the simple, the projective and the 
injective indecomposable B{n, r)-module corresponding to the vertex i. 
Restricting $ to mod B(n,r) yields a functor 

$( n ,r) '■ mod B(n,r) — > mod n kE r . 

We now define subcategories of mod B(n,r) that correspond to the full subcategories 
CRi(kE r ) C CR s (kE r ), CJT n (kE r ) C CJT(kE r ), ElP n (kE r ) C ElP(kE r ) as well as 
EKP n (kE r ) C EKP(kE r ) containing modules of Loewy length at most n. 

Let therefore a G A; r \0. Now for the element a = Y17=o ! ( a i7i*' > + ' ' ' + a rlr ) G B(n, r) and 
M = ®"T Mj G mod B(n,r), left-multiplication with a yields a linear operator 

ocm '■ M —> M 
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such that for 1 < j < n — 1, (aju)- 7 coincides with the left-multiplication with the element 

Y,lT\{<xilt j - X) + ■■■ + • • ■ («i7f l) + ■ • • + a/y?)) G S(n, r). 

Definition 2.1.1. For n < p, r > 2, we define full subcategories of modB(n,r) as follows: 

(a) EIP(n,r) := {M E modB{n,r)\ im(a M ) = ©"^Mi V a E k r \0] , 

(b) EKP(n,r) := {M E mod B(n,r)\ ker(a M ) = M n _ x V a G A; r \0}, 

(c) CR j (n,r) := {M G modB(n, r)|3 Cj G N : rk(a A /) j = Cj V a G A; r \0}, 
^ CJT(n,r) := fi; =1 CR J (n,r). 

Remark. A module M E EIP(n, r) is standardly graded and Mq = implies M — 0. Dually, 
a module M G EKP(ra,r) is costandardly graded and M n _\ = implies M = 0. 

Note that the duality D : mod B(n,r) — >■ mod£>(n, r) induced by relabelling the vertices in 
the reversed order and taking the linear dual is such that D EIP(n, r) = EKP(n, r). Moreover 
observe that we have EIP(n, r) U EKP(n,r) C CK J (n,r) for all j > 1. 

Proposition 2.1.2. T7ie restriction o/^( n ,r) ^° 

<Y G |EIP(n, r), EKP(n, r), CR/(n, r), CJT(n, r)} induces a faithful exact functor 

$ x '■ X — > mod n /ci? r 

such that 

(i) for X = EIP(n, r), $x reflects isomorphisms and the essential image consists of the 

standardly gradable objects in E\P n (kE r ). 
(ii) for X = EKP(n, r), $x reflects isomorphisms and the essential image consists of the 

costandardly gradable objects in EKP n (kE r ) . 
(Hi) for X = CK 3 (n,r), the essential image of$x consists of the [0,n — l]-gradable objects 

m CRi(kE r ). 

Proof. Observe that for M E mod B(n,r), the linear operator ctu given by a E k r \0 
corresponds to the linear operator a(t)$, r) (Af) on $( n ,r)(M) given by the p-point a with 
a(t) = oi\X\ + ■ ■ ■ + a r x r . 

(i) : With the preceding observation and in view of the fact that fibres of indecomposables 
are shifts on an indecomposable object [TUl 4.1], it is easy to see that for an indecomposable 
object M E modz kE r we have $( n ,r)(M) E ElP n (kE r ) if and only if M = N[i] for some 
object iV G EIP(n, r) C mod^ kE r . 

Given iV G EIP(n, r)\0, we have supp(A r ) = [0,/] for some < I < n — 1. Thus we have 
N[i] ^ EIP(n, r) unless i = since suppiV[i] = + i]. Since $( n ,r) commutes with direct 
sums and mod n kE r is a Krull-Schmidt category, $EtP(n.r) thus reflects isomorphisms. More- 
over, M E EIP (n,r) is generated by Mq and is hence standardly graded. Thus the essential 
image of $eip (n,r) consists of the standardly gradable objects in ElP n (kE r ). 

(ii) : Dual to (i). 

(Hi): Is clear in view of our general observation above. □ 

Remark. A direct consequence of Proposition 12.1.21 is EIP(n, r) flEKP(n,r) = (0), since 
S(0) is the only simple B(n, r)-module in EIP(n, r), S(n — 1) the only simple B(n, r)-module 
in EKP(n,r) and ElP(kE r ) n EKP(kE r ) = add k [El 4.4.3]. 
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2.2. Homological characterization. In this section, we will give a new point of view on 
our subcategories of modB(n,r) which enables us to apply general methods from Auslander- 
Reiten theory. The approach we present is inspired by work of Happel and Unger [13] on 
representations of the generalized Kronecker /C r . The authors construct a representation 
X = (Xi,X 2 ) over K T corresponding to a given arrow 7 of K r such that the representations 
Y = (Yi, Y 2 ) in the right-perpendicular category X 1 - are exactly those for which the operator 
7y : Y"i — > Y 2 corresponding to 7 is bijective [T3J 2.1]. 

Note that P(i) = kE r [i]/ J^kE^i] in mod z kE r . Let a G A; r \0. Since n - i < n - 1 < p, the 
map 

a(i) : P(i + 1) ->■ P(i), e i+1 ^ a x ^ + ■■■ + a r ^\ 

i.e. the right multiplication with a^y^ ■ ■+a r r fr , defines an embedding of B(n, r)-modules. 
Composition yields embeddings 

a(i)j : P(i + j) P(i), e i+j ^ {a^^ + ■■■ + a rl [ i+ ^) ■ ■ ■ (a l7l ° + • • • + a rl ®) 

for all < i < n - 2, 1 < j < n - % - 1. We let := coker a(i)j = P(i)/a{i)j(P{i + j)). 
For l<j<n — 1, aG & r \0, we define 

n-j-l 

8=0 

By definition, we obtain for the projective dimensions of these modules pd(X^) = 1 and 
hence pd(X^) = 1. In the following, whenever we write Horn or Ext, we refer to the category 
modP(n, r). 

Theorem 2.2.1. We have 

(a) EIP(n,r) = {M E mod B{n,r)\ Ext 1 {X^, M) = Va G k r \0} , 

(b) EKP(n, r) = {M G mod B(n, r)| Hom(Jf£, M) = Va 6 A; r \0} ; 

(c) CR j (n,r) = {M G mod5(n, r)|3c,- dim fc Ext 1 ^, M) = Cj Va G fc r \0}. 

Proof. Consider the projective resolution — > P{i + j) — H P(i) — > X™ — > and, for 
M G mod B (n,r), the exact sequence 

-> Hom(X**>, M) -> Hom(P(z), M) -> Hom(P(i + j), Af) ->■ Ext 1 ^', M) -> 0. 

There is a commutative diagram 

Hom(P(i),M) H ° m(Q( ' )j ' M) ) Hom(P(i + j),M) 



M 4 ^> M i+i 

whence 

(a Af ) J 'k : Mi M i+i 
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is surjective, resp. injective, if and only if Ext ( Jf * J , M) = 0, resp. Hom(X%f, M) = 0. This 
already yields (a) and (6) and since 

n-j-l n-j-l 

ik(a M y = £ ( dim ^ M ^ - dim * Extl ( X a'^ M)) = £ dim fe M i+J - - dim fe Ext x (X£, M), 

i=0 i=0 

we obtain (c). □ 

Hence we have a homological description of the subcategories defined in § 2.1 that involves 
a P r_1 -family of B(n, r)-modules of projective dimension 1. At this juncture, we exploit 
fundamental homological properties of mod B(n,r) that do not hold in mod kE r . 

Let us list some of the distinctive features of these modules. 

Proposition 2.2.2. Let a G k r \0 and let i : B(n,r — 1) — > B(n,r) be the embedding defined 
via 7^ i-> 7f for all < k < n — 2 and 1 < I < r — 1. 
(%) VFe /jaw pd(X^) = 1 /or aW 1 < J < n - 1. 

('mJ The module is standardly graded and supp(X„ J ') = [i, n — 1]. 
('mj VKe /iave dimfc(X^- ? )j = 1 and the module is a brick in mod B(n,r). 
(iv) All proper submodules of X™~ 2,1 are of the form P(n — l)® m for some m < r. 
(v) The pullback l*{X % (1 01 %) is isomorphic to the projective B(n,r — 1) -module P(i). 

In the following, we make use of Auslander-Reiten theory as well as torsion theory. At this 
point, we will briefly and in a somewhat informal way recall what Auslander-Reiten theory 
is about. A thorough introduction can be found in [21 IV]. The module category mod A is 
described in terms of the Auslander-Reiten quiver T(A) of the algebra A which is defined as 
follows: 

(i) The vertices of T(A) correspond to the isomorphism classes [M] of indecomposable 
^4-modules. 

(ii) The arrows from [N] to [M] correspond to so-called irreducible maps / : N — >■ M, i.e. / 
is neither a section nor a retraction and whenever / = /1/2, then either fi is a retraction 
or f 2 is a section. 

Each non-projective indecomposable module M (non-injective indecomposable module N) 
gives rise to a uniquely determined short exact sequence, an Auslander-Reiten (or almost 
split) sequence, 

t 

i=i 

where N (M) is indecomposable, the Ei are pairwise non-isomorphic and indecomposable 
and the maps fi t , ■ ■ ■ , fi n . '■ N — > Ei, g ix , . . . , g in . : Ei — > M correspond to bases of the 
vector spaces of irreducible maps N — > Ei and Ei — > M, respectively. We write N = r(M) 
(M = r-^N)), where r is referred to as the Auslander-Reiten translation of M and we 
denote this in T(A) by [N] *— [M]. 

An indecomposable module M is called pre-projective (pre-injective) if there is n G No such 
that r n (M) (r _n (M)) is projective (injective). A module is referred to as regular if it is 
neither pre-injective nor pre-projective. Connected components of T(A) that consist entirely 
of regular modules are then called regular. 

Furthermore, we say that an indecomposable module N is a predecessor (successor) of M if 
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there is a directed path from [N] to [M] ([M] to [N]) in T(A), i.e. a chain of irreducible maps 
from N to M (M to N). We denote the set of all predecessors and successors by (— > M) and 
(M — >), respectively. 

Given an algebra A, a pair (T, J 7 ) of full subcategories of mod A is called torsion pair if the 
following conditions are satisfied 

(a) Honu(M, N) = for all M G T, A G J 7 . 

(b) Hom A (M, -)V = implies M G J 7 . 

(c) Hom j4 (-, JV)|r = implies A G J 7 . 

The category T (J 7 ) is then called torsion (torsion- free) class of the torsion pair (T, J 7 ). 
According to [21 VI, 1.4], torsion classes correspond to those full subcategories of mod A that 
are closed under images and extensions whereas torsion-free classes correspond to the full 
subcategories of mod A that are closed under submodules and extensions. 

Corollary 2.2.3. The category EIP(n, r) is the torsion class T of a torsion pair (T, J 7 ) in 
mod B(n,r) with EKP(n, r) C J 7 that is closed under the Auslander-Reiten translate r and 
which contains all preinjective modules. 

Dually, EKP(n,r) is a torsion-free class J 7 ' of a torsion pair (T'jJ 7 ') in mod B(n,r) with 
EIP(n, r) C T' that is closed under r~ l and contains all preprojective modules. 
In particular, there are no non-trivial maps EIP(n, r) — > EKP(n, r). 

Proof. Application of Theorem 12.2. II directly yields that EIP(n, r) is extension closed. Since 
pd(X^) = 1 and hence Ext 2 (A^,— ) = 0, the class is furthermore image closed. Thus 
EIP (n,r) is a torsion class in mod B(n,r). 

The corresponding torsion-free objects in J 7 = {M G mod£>(n, r)\ Hom(T, M) = 0} are those 
that do not have any non trivial submodules in EIP(n, r). In particular, all N 6 mod B(n, r) 
such that Nq = are torsion-free. 

We now show that for M G EIP(n, r), we have r(M) e EIP(n, r). The Auslander-Reiten 
formula [5J IV, 2.13] yields an isomorphism 

Ext 1 ^, tM) DRgm(M,X^), 

where 

n-l 

Hom(M, X*) = 0Hom(M, X^ 1 ). 

i=0 

For i > 1, we have (X^ 1 )^ = (Prop. I2.2.2[ (ii)) and thus X^ 1 G J 7 . This yields the isomor- 
phism Hom(M,Xi) = Hom(M, X^ 1 ). Since [0] C [0,n - 1] = suppA^ 1 (Prop. I2~2~2l (ii)) 
and by definition ima^i = 0, we in particular obtain A°' x ^ EIP(n, r). 
Since A^' 1 = B(n, r)(A°' 1 ) as well as dimfc(A° ,1 ) = 1, this already yields A^' 1 G J 7 and 
hence Hom(M, X®' 1 ) = which implies r(M) G EIP (n,r). 

Moreover, Theorem 12.2.11 directly yields that EIP(n, r) contains all injective objects in 
mod.B(n,r) and hence also their r m -shifts for all m > 0, i.e. all preinjectives. The 
dual statement follows using D. Hence EKP(n, r) is closed under taking submodules and 
EIP(n, r) n EKP(ra, r) = (0) implies EKP(n, r) C J 7 . □ 

Note furthermore that the inclusions EKP(n,r) C J 7 and EIP(n, r) C T' are proper. We 
have A^~ 2,1 G J 7 \EKP(n, r) for example. 

Corollary 12.2.31 implies that a mesh in the Auslander-Reiten quiver of mod B(n,r) 
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m 

/ x 

MM)] '■■ M 
X / 

[Et] 

with M in EIP(n,r), is completely contained in EIP(n,r). We thus obtain 

Corollary 2.2.4. Let M e EIP(n, r) be indecomposable. Then (— > M) C EIP(n, r). Dually, 
for M e EKP(n,r) ; we /jave (M ->) C EKP(n,r). 

We can make more precise statements for ZAoo-components of T(B(n, r)). These components 
can be visualized as follows: 



y \ / # \ x # \ x # \ x # \ ^\ ^ #x x 
— • ^ - - • ^ - - - - - - • ^ — — • ^ — * 

• -< • < - - • ^ - - • - - • - - • ^ - — • ^ • 

... ... 

• - • ~s - - • ~s - - • ~s - - • ~s - - • ^ - — • ^ • 

• < • -6 - - • ~S - - • ~S - - • -6 - • - - - • ^ • 

Modules in the bottom row of such components are called quasi- simple. Ringel [17] has 
shown that for each module M in a regular ZA^-component C, there exist uniquely deter- 
mined quasi-simple modules X and Y G C and uniquely determined chains of irreducible 
monomorphisms X — X\ —>••■—>• X s _i — >• X s = M and epimorphisms M = Y s — > Y s _i — > 
■••—>■ Yi = y where s is the so called quasi-length of M and X (Y) is referred to as the 
quasi-socle (quasi-top) of M. Moreover, M is uniquely determined by its quasi-length and 
quasi-socle (quasi-top) whence we write M = X(s) (M = [s]Y). 



Proposition 2.2.5. Let C be a regular TLA^- component ofT(B(n,r)). 7/EIP(n, r)flC ^ 0, 
then either C C EIP(n,r) or there exists a quasi-simple module Wq such that 
(-> W c ) = CnEIP(n,r). Dually, if EKP(n,r) nC ^ 0, then either C C EKP(n,r) or 
t/iere exists a quasi-simple module Mq such that (Mq — >) = C n EKP(n,r). 

Proof. Since in every regular ZAoo-component the irreducible maps from top to bottom 
are surjective, EIP(n, r) n C ^ yields the existence of a quasi-simple module W in C 
that belongs to EIP(n, r). If all quasi-simple modules belong to EIP (n,r), Corollary 12.2.41 
yields C C EIP(n, r). In view of Corollary 12.2.41 and the fact that any two quasi-simple 
modules are successor, resp. predecessor of one another, we can choose k maximal such that 
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Wc ■= t k (W) G EIP(n, r) and (— > Wc) — C fl EIP(n, r). Dual properties of modules in 
EKP (n,r) yield the assertion. □ 

Furthermore, we can extend Corollary 12.2.31 with regard to when the translate of a module 
satisfies the equal images property. 

Proposition 2.2.6. Let M = M © Mi ■ ■ ■ © M n _! G modB(n,r) be indecomposable and 
generated by M . If M n _ x = 0, then tM G EIP(n,r). 

Proof. Applying Theorem 12.2.11 again in combination with the Auslander-Reiten formula, it 
suffices to show that Hom(M, A*) = 0. Since the module M is generated by M , we have 
Hom(M, A*) = Hom(M, A^ 1 ). 

Assume that there is a non-trivial morphism ip : M — >• A^' 1 . Then there exists m G M such 
that ip{m) G (A"°' 1 ) \0. Since (A°' 1 ) is one-dimensional (Proposition I2.2.2"| (iii)) and X®' 1 
is generated by (X° ,1 ) (Proposition 12.2.21 (ii)) ; V 9 is hence surjective. This contradicts the 
fact that M n _! = and (X% l ) n ^ ^ 0. □ 

The next result concerns the special role that W- and M- modules play as modules for 
generalized Beilinson algebras. 

Recall that for all m G N, d < n, the Z-graded module M^ d endowed with the grading from 

§ 1 satisfies supp(M ? ^ d ) = [m — d, m — 1]. Hence we have M^ d [n — m] G C[o,n-i] such that 

M^ d [n — m] is an object in EKP(n, r). Likewise, the canonical Z-grading on W^-modules is 

such that supp(H^[^) = [— m + 1, — m + d] and hence W^ d [m — 1] G C[o, n -i] is an object in 
EIP(n,r). For our duality D on mod£>(n, r), we have 

Note furthermore that for 1 < d < n, we have M^[n-cZ] = P(n-d) and W^Jfd-l] = I(d-l). 
Since is a brick in modzkE r by Corollary II. 4[ M^fn — m] is a brick in mod B(n,r). 

In the remainder of this section, we are concerned with B(n, r)-modules and hence shorten 
notation and write M^ d for the B(n, r)-module M^ d [n — m] and likewise W^ d for the 
B(n, r)-module W^[m — 1]. 

(2) 

The following theorem does not hold in case r = 2. Since modules of the form 2 are 

(2) 

preprojective, we have t(M1/ 2 ) G EKP(2,2)\0 for m > 2. 

Theorem 2.2.7. Let r > 3 and let n < p, m > n. Then r(Mm,n) G EIP (n, r) and dually 
T~\W$ n ) G EKP(n,r). 

Proof. We want to apply Theorem 12.2.11 again in combination with the Auslander-Reiten 
formula and thus show that for all a G k r \0, there are only trivial maps 
Since Af&J, is generated by (M&JOo, we have Horn (M,^, A*) = Hom(M^ ) n , A"' 1 ) and a 
non-trivial map ip : fi'i — > X®> 1 is necessarily surjective (12.2.21 (ii) ; (hi))- By Proposition 
11.21 Mm^n is GL r (/c)-stable. Furthermore, for all a, /3 G &; r \0, there exists (7 G GL r (k) such 
that (A^ 1 )^ ^ Xp' x . Since Hom(Mm,li, A^' 1 ) = Rom(M^ nj (A^ 1 )^) we may hence assume 
that a = (0,0,..., 1). 

Now we have 7^ G ann j B( n r ) A^' 1 and thus 7^Mm, n Q ker for all < i < n — 2. Note that 
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is a submodule of M such that 7^ acts trivially on M := Mm,n/N . 
Observe that for the embedding 1 from Proposition 12.2.21 we have l*(M) = Mm~n ■ Moreover, 
Proposition ^. 2. 2\ (v), yields ^(X®' 1 ) = P(0) for the projective indecomposable of B(n, r—1)- 
module corresponding to the vertex 0. 

Thus there results a split epimorphism Mm,n^ —> -P(O) of B(n,r — l)-modules which is a 
contradiction since by Theorem 11.41 Mm, n 1 ^ is indecomposable and furthermore non-projective 
in mod B(n, r — 1) since m > n and r > 2. Hence we have T(Mm, n ) € EIP(n, r). Our duality 
D on mod i?(n,r) now yields the assertion. □ 

Lemma 2.2.8. Let 0^-A^-B^rC^-Obean exact sequence in mod B(n,r). If 
A G EIP(n,r), then B G GR?(n,r) if and only if C G CR J '(ra,r). 

Proof. Since Ext 2 (X^, — ) =0, we get an exact sequence 

Ext 1 ^, A) -> Ext 1 ^, B) -)• Ext 1 ^, C) -> 0, 

where Ext 1 ^, A) = since A G EIP(n, r). Thus the dimension of the rightmost term does 
not depend on a iff the dimension of the middle term does not. □ 

We close this section on Beilinson algebras with the following statement concerning Auslander- 
Reiten sequences. In case n = 2, this is a direct consequence of Theorem 13.1.21 below. 

Proposition 2.2.9. Let 0->i->B-^(7-)'0fccn Auslander-Reiten sequence in 
mod B(n,r) such that A is in EIP(n, r) and C is in EKP(n, r). Then B is an indecom- 
posable module in CJT(n, r)\(EKP(n, r) U EIP(n, r)). 

Proof. Let us first of all show that B is indecomposable. Assume that there exists a decom- 
position B = (Bi£iBi such that |/| > 2. Then for reasons of dimension it is not possible that 
all irreducible maps A — > Bi are injective and all irreducible maps Bj — > C are surjective (this 
would imply dim A + dim C < dimSj + dim.Bj < dimB). Thus there exists an epimorphism 
A — > Bi for some i or a monomorphism Bi — > C . This now implies that Bi satisfies the 
equal images property, respectively the equal kernels property. Now in case Bi G EIP(n, r), 
every morphism Bi — > C is trivial in view of Corollary 12.2.31 With the same argument 
Bi G EKP(n, r) yields that every morphism A — > Bi is trivial, a contradiction. Thus B is 
indecomposable. Corollary 12.2.31 yields B ^ EIP(n, r) UEKP(n,r), whereas B G CJT(n, r) 
follows from Lemma 12.2.81 □ 

Remark. Returning to the categories EIP(kE r ), EKP(kE r ), CR j (kE r ) and CJT(kE r ), 
Lemma 12.2.81 holds in mod kE r as well and follows directly from the Snake Lemma [2j 1.5, 
5.1]. Demanding that k is not a direct summand of the middle-term B, Proposition 12.2.91 
also holds in mod kE r . 

3. The generalized Kronecker quiver 

We are now going to confine our investigations to the case B(2,r) where r > 2. The al- 
gebra B(2,r) is isomorphic to JC r , the path algebra of the r-Kronecker quiver. Note that 
$(2,r) is dense and so are the functors &y from Proposition 12.1.21 Furthermore, we have 
CJT(2,r) = CR 1 (2,r). As was mentioned above, the indecomposable equal images modules 
for kE 2 of Loewy length at most 2 have been classified in [B]: The only indecomposable 
modules in EIP(2,2) are the preinjective modules over /C2, i-e. the modules W n ^ and the 
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simple injective module S'(l) [8j 4.2.2]. This implies that EIP(2, 2) is the additive closure 
of the preinjectives. Apart from the preprojective modules, that satisfiy the equal kernels 
property, there are no other indecomposable modules of constant Jordan type. We show that 
the situation is completely different for r > 3. 

The algebra /C r is wild if r > 2 and tame if r = 2. Recall that the Auslander-Reiten translate 
for the hereditary algebra /C r , r > 2, is given by r = Ext 1 (— , /C r )* [2J V.II, 1.9]. The compo- 
nents of the Auslander-Reiten quiver r(/C r ) of mod/C r have the following shape if r > 2: 
There is exactly one preprojective component V, consisting of the two projective modules 
and their r _1 -shifts and exactly one preinjective component X consisting of the two injective 
modules and their r-shifts. Ringel has proven in [17] . that the remaining (regular) compo- 
nents are of type TjA^. 

From now on, we assume that r > 2. We write X a := X\ = cokera(l) for a £ k r \0. 
The module X a is a brick and has no proper submodules apart from direct sums of P(l) 
(Proposition 12.2.2"} (iii), (iv)). Via computing the dimension vectors of the preprojective and 
preinjective modules, we can conclude that X a is regular and, since it has no proper regular 
submodules, thus quasi-simple. Moreover, computation yields 

Proposition 3.0.10. Let a £ fc r \0. Then DX a = Ext 1 (X a ,K r y = rX a . 

According to Thereom 12.2.31 we have X C EIP(2,r) and V C EKP(2,r) whereas Theorem 
12.2.71 implies that ^ P- an d ^ V for n > 2. Thus these modules are examples 

of regular modules with the equal images property and with the equal kernels property, 
respectively. 

3.1. Regular components. We will now describe the occurrence of regular equal images 
and equal kernels modules in the Auslander-Reiten quiver r(/C r ) of mod/C r . 
In order to show the existence of equal images as well as equal kernels modules in every 
regular component of T(K. r ), we record the following dual version of a lemma by Kerner: 

Lemma 3.1.1 (Kerner [15] . 4.6). If X,Y are regular modules over a wild hereditary algebra, 
there exists an integer N with Hom(Z, r~ m {X)) = for all m > N and all regulars Z with 
dinifc Z < dinifc Y . 

Note that our next result also follows from Corollary 12.2.31 in combination with [TJ Theorem 
(B)], a general result concerning non-splitting torsion pairs for wild hereditary algebras. 

Theorem 3.1.2. Let C be a regular component of T(B(2,r)) . Then C contains two uniquely 
determined quasi-simple modules Wc and Mq such that 

(-> W c ) = C n EIP(2, r) and (M c ->) = C n EKP(2, r). 

Proof. Let C be a regular component, X be in C. Since we have dim^Xa = dim^X^ for 
all a, (3 £ k r \0 and K r is wild, we can apply Lemma 13.1.11 with Y = X a for some a 
and Z running through all Xp, (3 £ k r \0. This implies that there exists an N such that 
Hom^ r (A a , r~ m (X)) = for all m > N and all a £ A; r \0. In view of Theorem 12.2.11 we thus 
have T- m (X) £ EKP(2,r) for all m>N. Dually, EIP(2,r) n C ^ 0. Now apply Proposition 
12X51 □ 
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Thus the regular components of T(K. r ) have the following shape 



o o o o o o o 

x^xxxxxxxxxxxxx 

O — — — O -« O ■< — — O -s — — O ->s — — O -« 0-«s — — — O 

Xx'XXXxxxxxXXX^ 

■ ■• o -* o -s o -< — — o -< — — o-« o -< o •■■ 

^Xx'XXXXXXXXXX'^a 

V -( o ^ o -< - — o -* o -* - - o -< o ■< A 

X \ X 

■ ■ ■ V O O ■< O ^ O ^ O ^ A • • • 

X X \ XX 

V ■< V ■< o -< - — o -* o ■< - - o ■< A -< A 

x x x x \ / \ / \ / \ x x X 

■ ■ ■ V^ — — V ■* — — o -< — — 0-6-— A — — A •■■ 

XX XX X \ / \ / X XX X X 
V -< — v^--o^--o^--A^ — A ^ A 

where V and A indicate that the corresponding module is an object in EIP(2,r), resp. in 
EKP(2,r). Hence for each regular component C, the width W(C) of the gap between these 
two modules, i.e. the natural number k such that r k+1 (Mc) = Wq is an invariant for C. 

Examples 

(1) Let C n be the component containg the module f° r n > 2. By Theorem 12.2.71 

we have r^iW^l) e EKP(2,r) and thus = W Cn and r^iW^l) = M Cn . Hence 
W{C n ) = 0. 

(2) Let C a be the component containing the quasi-simple brick X a . Recall that by Propo- 
sition [3707T01 we have r{X a ) = DX a . Since K T is wild hereditary, r is an equivalence 
on the full subcategory of regular modules and hence 

Hom^^.r- 1 ^)) * Hom /Cr (r(X^),X a ) * Hom^DX^) 

for all (3 G k r \0. Proper submodules of X a are of the form P(2)® m (Proposition 
12.2.21 (iv)) and, dually, proper factor modules of DXp are of the form J(l)® m . Hence 
the rightmost term is equal to zero. According to Theorem 12.2.11 we thus obtain 
T~ l (X a ) G EKP(2,r). Using the Auslander-Reiten formula, we can analogously show 
that T 2 (X a ) e EIP(2,r). Hence W{C a ) = 2. 

(3) Let C\ be the component containing the brick E^ for A G k r \0 with dimension vector 
(1,1) on which 7, acts via multiplication with A«. Using the Auslander-Reiten formula 
in combination with Theorem 12.2. II we have 

Ext^.(AX,r(£( A ))) Hom JCr (SW,X a ) = 
and hence r(£ (A) ) e EIP (n, r). Dualizing yields 

Uom Kr (X a ,r-\E^)) * Uom,c r (DX a ,E^) 

= Eom Kr (D(E^),X a ) 

where = £ if A* ^ and = else, for all 1 < i < r. Hence W(C A ) = 1. 
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The examples show that W(C) indeed varies while running through the different regular 
components and we will show that there is no upper boundary for this number. 

In [13], Kerner has defined an invariant for regular components of a wild hereditary algebra 
A. Let C be a regular component of A and X some quasi-simple module in C. The quasi-rank 
of C is defined via 

rkC = min {m G Z| rad(X, r l X) ^ VZ > m} , 

where for two indecomposable modules X, Y G mod/C r , rad(X, Y" ) is the vector space of 
all non-isomorphisms from X to Y (cf. (2j A. 3, 3.5]). Hence for / ^ and X regular, it is 
rad(X, t 1 X) = Hom(X, r l X). A theorem by Hoshino (cf. [7J V]) says that for A = K, r , rk is 
bounded above by 1. In view of [HJ 1.6], we can conclude that C contains a brick if and only 
if rkC = 1. 

Proposition 3.1.3. 

(i) Let C be a regular component of K r . If C does not possess a brick, then we have 
|rkC| < W(C). 

(ii) Let nGN. Then there exists a regular component C of JC r such that W(C) > n. 

Proof, (i): Choose the quasi-simple module Wc in C given by Theorem 13.1.21 The mod- 
ule r~ w ^ c ^~ 1 (H / c) = Mc satisfies the equal kernels property and hence by Corollary 12.2.31 
Hom(H/ c ,r- w ( c )- 1 (W / c )) = 0, which implies rkC > -W(C) - I. Since C does not possess a 
brick and hence rkC < it is | rkC| < W(C). 
(ii): In [TBI 3.1] it is proven that 

inf {rk(C)| C G «(£,.)} = -oo 

where f2(/C r ) denotes the set of regular components of mod/C r . Since rkC = 1 iff C contains 
a brick, we can conclude (ii) with (i). □ 

For every component C containg a brick, it is rkC = 1. By contrast, the examples C n and C a 
show, that some components containing bricks may be distinguished via the invariant W. 

3.2. The category CJT(2,r). In this subsection, we direct our attention towards the 
category CJT(2,r) and make some statemens concerning Auslander-Reiten components of 
5(2, r). Friedlander and Pevtsova have shown that for the group algebra kE r , the constant 
j-rank property is in fact a property of the components of the stable Auslander-Reiten quiver 
of kE r 0, 4.7]. We will see, that the situation is rather different in our context. 
Unlike EIP(2,r) and EKP(2,r), the category CJT(2,r) is neither closed under images nor 
under submodules and is hence more difficult to grasp categorically. However, CJT(2,r) is 
closed under direct summands 3.7]. We are able to make more specific statements about 
the category CJT(2,r) = CR 1 (2,r) as opposed to CR 3 (n,r) with n > 2. 

Lemma 3.2.1. Let M G mod 5(2, r) be regular and not isomorphic to an X a . Let 

->■ t(M) -> E -> M 

be the Auslander-Reiten sequence ending in M. If two out of the three modules are of constant 
rank, then so is the third. 
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Proof. Since E — > M is right almost split and X a is indecomposable, any morphism X a — > M 
factors through E. Hence we get the following exact sequence 

-> Homx; r (X a , r(M)) -> Hoimc r (X Q , E) -»• Ho mjCr (l a , M) -> 

and the assertion follows with Theorem 12.2.11 □ 

A direct consequence is the following 

Proposition 3.2.2. Let C be a regular component in T(K, r ). 

(i) If all quasi-simple modules in C are of constant rank, then C C CJT(2,r). 

(ii) In particular, ifW(C) = 0, then C C CJT(2,r). 

This especially tells us, that there are many indecomposable modules of constant Jordan type 
in Loewy length two that satisfy neither the equal images property nor the equal kernels prop- 
erty which is not the case if r = 2. The inclusion indEIP(2, r)UindEKP(2, r) C ind CJT(2, r) 
of indecomposable objects is proper if and only if r > 2. Since d(2,r) is dense, this directly 
implies the same result for the categories ElP 2 (kE r ), EKP 2 (kE r ) and CJT 2 (kE r ). 

Proposition 3.2.3. LetC be a regular component with W(C) = 1. Then either C C CJT(2,r) 
or there are no indecomposable modules of constant rank in C apart from the modules in 
EIP(n, r) n C and EKP(n, r) n C. 

Proof. We first of all show 

(*) Let C be a regular component with W(C) = n and let Wc and Mq be as in Theorem 
13.1.21 Then for all 1 < k < n we have the following: If there exists / > k such that 

(i) [V\T~ k (Wc) is of constant rank, then so is [l']T~ k (Wc) for all I' > k. 

(ii) T k (M c )(l) is of constant rank, then so is T k (Mc)(V) for all V > k. 

Proof of (*): We show (1), (2) is dual. Let / > k and [l]T~ k (W c ) be of constant rank. Now 
assume that there is I' > k minimal such that [£']T~ fc (Wc) does not have constant rank. 
The quasi-socle r fe_ '~ 1 (W / c) satisfies the equal images property and we have a short exact 
sequence (cf. [171 2.2]) 

->■ t^'-^Wc) -> [l'}r- k (W c ) -> [/' - l]r- k (W c ) ->■ 0. 

In view of Lemma [2.2.81 [I' — l]r~ k (Wc) has constant rank, a contradiction to the choice of 
V. 

Now since W(C) = 1, we have [l]r- k (W c ) = T k (M e ){l) for all k, I G N and furthermore 

M = {[l]r~ k {Wc)\l > k > 1} = {M E C\M £ EIP(n, r) U EKP(ra, r)} . 

Now (*) implies that if the cone Ai contains an element of CJT(2, r), we have M. C CJT(2, r). 

□ 

Examples 

(1) The component C n containing \ f° r n > 3: It is W(C n ) = and hence Proposition 
13.2.21 implies that all modules in C n have constant rank. 

(2) The component C a containing X a : We claim that there are no constant rank modules 
in C a apart from the equal images and equal kernels modules. In view of Statement 
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(*) in the proof of Proposition I3.2.3} we only need to show that [2]X a does not have 
constant rank. Following [7J V], it is 

Hom Kr (X a ,\j]X a ) = Q 

for all j > 2. Hence B.om^ r (X a , [2}X a ) = 0. Since furthermore [2}X a <£ EKP(2,r), 
the module can't be of constant rank. 
(3) The component C\ containing the module E^: Since obviously does not have 
constant rank and W(Ca) = 1, Corollary 13.2.31 implies that there are no modules of 
constant rank in C\ apart from the equal kernels and equal images modules. 
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